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We use gauge-gravity duality to compute entanglement entropy in a non-conformal background
with an energy scale Λ. At zero temperature, we observe that entanglement entropy decreases by
raising Λ. However, at finite temperature, we realize that both Λ
T
and entanglement entropy rise
together. Comparing entanglement entropy of the non-conformal theory, SA(N), and of its conformal
theory at the UV limit, SA(C), reveals that SA(N) can be larger or smaller than SA(C), depending
on the values of Λ and T .
Introduction: The AdS/CFT correspondence states
that type IIB string theory on the AdS5×S5 background
is dual to N = 4 SU(Nc) superconformal gauge theory
in a four-dimensional Minkowski space-time living on the
boundary of the AdS5 background [1, 2]. This outstand-
ing correspondence is a strong-weak duality which makes
it possible to investigate various strongly coupled sys-
tems. As a matter of fact, in the large number of col-
ors and large t’Hooft coupling constant limit, the gauge
theory is still a quantum theory but strongly coupled.
However, the string theory reduces to a classical grav-
ity which is a weakly coupled theory. Therefore, differ-
ent questions in the strongly coupled gauge theory can
be translated into corresponding problems in the clas-
sical gravity. This duality has been frequently applied
to study various aspects of the strongly coupled systems
such as quantum chromodynamics, quark-gluon plasma
and condense matter, for instance see [3–5].
Since the AdS/CFT correspondence, or more gener-
ally gauge-gravity duality, applies to the non-conformal
gauge theories as well as conformal ones, studying vari-
ous effects of the non-conformal behaivor on the physical
quantities is always an attractive problem. A new family
of solutions of a five-dimensional gravity model, includ-
ing Einstein gravity coupled to a scalar field with a non-
trivial potential, has been recently introduced and stud-
ied in [6]. The corresponding four-dimensional strongly
coupled gauge theory is not conformal and the theory has
conformal fixed points at IR as well as at UV. this means
that these solutions are asymptotic to the AdS5 in the
UV and IR limits with different radii. Different prop-
erties of the above background such as thermodynamics
and relaxation channels have been studied [6].
One interesting physical quantity, on the gauge the-
ory side, is entanglement entropy [8]. In the literature,
gauge-gravity duality has been applied to investigate en-
tanglement entropy successfully. For example, Entan-
glement entropy is also helpful to probe a confinement-
deconfinement phase transition at zero temperature in
confining theories [11]. Then search for transition has
also been extended to non-conformal gauge theories at
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finite temperature [12]. It is shown that no transition
takes place at finite temperature. In this paper we study
the effect of introducing an energy scale on the entan-
glement entropy and to check the possibility of a phase
transition in such a case [14].
Model: Here we review the non-conformal background
introduced in [6]. The background is a solution of five-
dimensional gravity theory coupled to a scalar field with
a non-trivial potential. The action of the gravity theory
is given by
S =
2
G25
∫
d5x
√−g
(
1
4
R− 1
2
(∇φ)2 − V (φ)
)
, (1)
where G5 is the five-dimensional Newton constant. The
particular form of the potential is
R2UV V = −3−
3φ2
2
− φ
4
3
+
(
1
3φ2M
+
1
2φ4M
)
φ6− φ
8
12φ4M
.
(2)
An important point is that the potential has a maximum
at φ = 0 and a minimum at φ = φM . It is shown that the
resulting solution is asymptotically AdS5 in the UV(φ =
0) limit with radius RUV . Moreover the solution near
φ = φM , in the IR limit, approaches AdS5 as well with
a different radius RIR. The relation between the radii of
the AdS5 backgrounds is given by
RIR =
1
1 +
φ2M
6
RUV, (3)
which clearly indicates that RIR < RUV. According to
gauge-gravity duality, the number of degrees of freedom
in the gauge theory is related to the radius of the back-
ground. Thus a smaller number of degrees of freedom
lives in the IR limit.
The vacuum solution for arbitrary φM can be analyti-
cally expressed in the form
ds2 = e2A(r)
(−dt2 + dx2)+ dr2, (4)
where
e2A =
φ20
φ2
(
1− φ
2
φ2M
)φ2M
6 +1
e−
φ2
6 ,
φ(r) =
φ0e
−r
Ruv√
1 +
φ20
φ2M
e
−2r
Ruv
.
(5)
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2φ0 is a constant corresponding to the source Λ of the
scalar operator on the gauge theory side. It is also re-
lated to an energy scale Λ via Λ = φ0/RUV . After two
successive change of coordinates as follows.
u = e−r/Ruv ,
z(u) =
∫ u
0
du
RUV
u
e−A,
(6)
we finally obtain
ds2 =
Reff(z)
2
z2
(−dt2 + dx2 + dz2) , (7)
where Reff(z) = ze
A. Parameter Reff(z) varies between
the radii of the AdS5 backgrounds in the UV and IR
limits corresponding to RUV and RIR, respectively.
At finite temperature, the solution in the Eddington-
Finkelstein coordinate is
ds2 = e2A
(−h(φ)dτ2 + dx2)− 2eA+BRUV dτdφ, (8)
with h(φ) vanishing at the horizon, i.e. h(φh) = 0. Solv-
ing Einstein’s equations obtained from (1), the different
metric components are given by [6]
A(φ) = − log
(
φ
φ0
)
+
∫ φ
0
dφ˜
(
G(φ˜) +
1
φ˜
)
, (9a)
B(φ) = log (|G(φ)|) +
∫ φ
0
dφ˜
2
3G(φ˜)
, (9b)
h(φ) = −e
2B(φ)L2 (4V (φ) + 3G(φ)V ′(φ))
3G′(φ)
. (9c)
The function G must satisfy the following equation
G′(φ)
G(φ) + 4V (φ)3V ′(φ)
=
d
dφ
log
[
1
3G(φ)
− 2G(φ)
+
G′(φ)
2G(φ)
− G
′(φ)
2
(
G(φ) + 4V (φ)3V ′(φ)
)], (10)
where, using the Einstein’s equations, its behaviour near
horizon is
G(φ) = − 4V (φH)
3V ′(φH)
+
2
3
(φ− φH)
(
V (φH)V
′′(φH)
V ′(φH)2
− 1
)
,
(11)
up to second order in φ − φH . Computing the Hawking
temperature of the above solution yields
T
Λ
= −R
2
UV V (φH)
3piφH
exp{
∫ φH
0
dφ
(
G(φ) +
1
φ
+
2
3G(φ)
)
}.
(12)
Based on numerical results [6], at high temperature
(T  Λ), the gauge theory behaves as a conformal the-
ory although the trace of the stress tensor is not zero.
In the opposite limit, at low temperature (T  Λ), the
gauge theory is conformal as well. Furthermore, it is
clearly seen that φM evaluates the non-conformality of
the theory or in the other words the larger φM the larger
deviation from conformality. Finally a significant result is
time ordering of relaxation times. In fact the system un-
der consideration can either be firstly isotropised, mean-
ing that all pressures become equal or be firstly equili-
brated, meaning that the equation of state becomes ap-
plicable. Quasi-normal mode calculation indicates that
at high temperature the system first isotropises and sub-
sequently equilibrates. At low temperature the time or-
dering is reversed. For more details, we refer the reader
to the original paper.
Before closing this part, we would like to empha-
size that various time scales of relaxation for an out-of-
equilibrium system has been firstly studied in [7].
Entanglement Entropy: Let us consider a quantum sys-
tem with many degrees of freedom at zero temperature
which is described by a pure ground state |ψ〉. Therefore
the density matrix is given by ρ = |ψ〉〈ψ|. One can di-
vide the mentioned system into two subsystems A and B.
The observer who is restricted to live in the subsystem A
does not have access to the degrees of freedom of subsys-
tem B. Thus its density matrix can be found by taking
the trace over these degrees of freedom, i.e. ρA = trBρ.
Then entanglement entropy of the subsystem A is defined
as SA = −trA(ρA log ρA). This quantity states how much
information is lost when an observer is restricted to the
subsystem A. For a gauge theory in d > 2 space-time,
dimension the leading divergence of SA is proportional
to the area of the subsystem A. For a two-dimensional
conformal gauge theory, where the subsystem A is an
interval of length l, the entanglement entropy can be an-
alytically calculated as a universal result Sl =
c
3 log(
l
a )
where c and a are central charge and the UV cut-off of
the field theory, respectively.
On the holographic side, entanglement entropy calcula-
tion has a simple prescription. It is proposed that entan-
glement entropy SA can be computed from the following
formula
SA =
Area(γA)
4G5
, (13)
where γA is a three-dimensional minimal area surface in
asymptomatically AdS5 background whose boundary is
given by ∂A (which is the boundary of the subsystem A).
This prescription perfectly produces well-known results,
such as entanglement entropy in two-dimensional confor-
mal field theory, and therefore it is reliable to compute
the entanglement entropy in the strongly coupled gauge
theories. For more details see for example [8–10] and
references therein.
Numerical results: We start with a general form for
the background as
ds2 = −f1(z)dt2 + f2(z)dz2 + f3(z)d~x2, (14)
where z is the radial direction. The background is asymp-
totically AdS5 and its boundary is located at z = 0.
3In order to determine entanglement entropy, we have to
divide the boundary region into two subsystems A and
B. Subsystem B is defined by − l2 < x1(≡ x) < l2 and
x2, x3 ∈ (−∞,+∞) at a given time. Then the minimal
area of γA, which is proportional to entanglement entropy
of subsystem A, is obtained by minimizing the following
area
SA =
1
4G5
∫
d3x
√
gin, (15)
where gin is induced metric on γA. Using (14), it is easy
to see that
SA =
V2
4G5
∫ l
2
−l
2
dx
√
f33 (z) + f
2
3 (z)f2(z)z
′2, (16)
where V2 is the area of two-dimensional surface of x2 and
x3 and z
′ = dzdx . The above area does not depend on x
explicitly and thus the corresponding Hamiltonian is a
constant of motion
f23 (z)√
f3 (z) + f2 (z) z′2
= const = f
3
2
3 (z∗), (17)
where z∗ is the minimal value of z, i.e. z(x = 0) = z∗,
and z′(x = 0) = 0. Hence, from (17), we find
z′ =
√
f3(z)
f2(z)
√
f33 (z)
f33 (z∗)
− 1, (18)
and then the relation between l and z∗ can be easily
obtained
l = 2
∫ z∗
0
√
f2(z)
f3(z)
dz√
f33 (z)
f33 (z∗)
− 1
. (19)
Finally, by substituting (18) in (16), we have
SA =
V2
2G5
∫ z∗
0
f
5
2
3 (z) f
1
2
2 (z)√
f33 (z)− f33 (z∗)
dz. (20)
As it is obvious the factor behind the integral in (20)
is a constant and as a result we only need to compute
the integral which is proportional to the entanglement
entropy.
At zero temperature, according to (7), it is clear that
f1(z) = f2(z) = f3(z) =
R2eff (z)
z2 . In figure 1, we have
plotted the difference of the entanglement entropies for
non-conformal and conformal(in the UV limit) field the-
ories, i.e. ∆S ≡ G5∆S = SA(N)−SA(C), as a function of
l. Since we would like that a sizeable non-conformality
emerge in the field theory, the value of φM is chosen to
be large. As usual, the non-conformal field theory be-
comes conformal in the UV limit, which is probed by
very small l, and therefore ∆S must go to zero in this
limit. In other words, on the gravity side, z∗ is close
to the boundary for very small values of l. Therefore,
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FIG. 1: ∆S for three different energy scales as a function of
l with φM = 100.
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FIG. 2: ∆S in terms of energy scale Λ for φM = 1(Blue) and
φM = 100(Red) and l = 2.2.
near boundary region, which is AdS5 with good accuracy,
contributes more to SA(N). By increasing l, z∗ reaches
deeper in the bulk and thus the deviation of geometry
from AdS5 can be realized further by minimal area or
equivalently entanglement entropy. On the field theory
side, since in our model the number of degrees of freedom
decreases from boundary to the bulk and considering the
point that entanglement entropy is proportional to the
number of degrees of freedom, for a given value of l the
non-conformal entanglement entropy SA(N) is smaller in
comparison to its value in the UV limit, SA(C). As a
result, ∆S is always negative at zero temperature. For
large enough values of l, z∗ approaches AdS5 in the IR
limit with smaller radius RIR, meaning that the number
of degrees of freedom becomes constant and proportional
to RIR. Therefore the difference between the number of
degrees of freedom in the UV and IR limit becomes con-
stant and accordingly ∆S goes to a constant value. The
above discussion is confirmed by figure 1. Furthermore,
by increasing energy scale Λ, the entanglement entropy
of the non-conformal theory decreases. It is also signifi-
cant to note that ∆S does not change for large enough
values of l.
The mere introduction of an energy scale Λ breaks con-
formal symmetry in the model and the non-conformality
is controlled by φM . In figure 2, for given l, we have
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FIG. 3: ∆S in terms of energy scale Λ.
0 50 100 150 200 250 300
-0.5
0.0
0.5
1.0
1.5
2.0
2.5
Λ
T
ΔS
S
A
(C)
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
-0.4-0.2
0.0
0.2
0.4
FIG. 4: ∆S = SA(Λ = 0.8, φH ≥ 0.1)− SA(C)(φH = 0.1) as a
function of Λ
T
for φM = 100 and l = 0.21.
plotted ∆S in terms of Λ for two values of φM . This
figure shows that non-conformal entanglement entropy
decreases by raising Λ, in agreement with figure 1. For
small enough values of energy scale, ∆S is almost inde-
pendent of non-conformality. However, for larger values
of Λ there is a decrease in the non-conformal entangle-
ment entropy due to non-conformality. Note that there
is a slight difference between the two curves at large Λ.
This behaviour is confirmed for different values of l by
our numerical results. In particular, in figure 3, ∆S is
plotted in the range of Λ = 21 − 22. At fixed Λ, ∆S is
smaller for the case with l = 0.1, as expected.
At finite temperature, we have
f2(φ) =
R2UV
h (φ)
e2B(φ),
f3(φ) = e
2A(φ).
(21)
Using (12), (20) and (21), ∆SSA(c) is plotted as a function
of ΛT for given l. We, first, focus on
Λ
T  1. By carrying
out a simple numerical analysis, it turns out that ΛT goes
to zero when φH → 0. As a result, for very small values
of ΛT the horizon is close to the boundary which makes it
difficult to find a reliable numerical solution. But there is
FIG. 5: ∆S = SA(Λ = 0.8, φH ≥ 0.1)− SA(C)(φH = 0.1) as a
function of Λ
T
for l = 0.21.
an intuitive explanation for this high temperature region.
Since in the high temperature limit the non-conformal
background approaches AdS5 with radius RUV , we ex-
pect that ∆S → 0, similar to the zero temperature case.
Now let us consider a small enough value for T in such
a way that Λ  T . Taking these assumptions, the case
at hand and zero temperature case are nearly alike and
hence one expects that ∆S increase from negative values
to zero by decreasing Λ, as it is clearly seen in figure 2.
Apart from the mentioned region in the above para-
graph, our numerical results are shown in figure 4. By
varying ΛT we observe that
∆S
SA(c)
changes sign at a point
denoted by ( ΛT )∗. For
Λ
T < (
Λ
T )∗, ∆S is always negative
and therefore SA(N) is smaller than SA(C). The discus-
sion for negative values of ∆S is similar to the case with
T = 0 that we do not repeat it here. At ΛT = (
Λ
T )∗,
SA(N) = SA(C). Although the number of degrees of free-
dom is not equal in the non-conformal and conformal
field theories, the above equality indicates that ΛT would
compensate for the difference in the number of degrees
of freedom. For larger values of ΛT , ∆S becomes positive
and hence SA(N) > SA(C). Note that, on the gravity side,
in the low temperature limit, ΛT →∞, the geometry ap-
proaches AdS5 with radius RIR. It seems that for large
enough values of ΛT , SA(N) does not vary significantly.
We also observe that by increasing Λ, ( ΛT )∗ decreases.
Therefore, ∆S is a function of Λ and T and not only ΛT .
In figure 5 we have plotted the ∆SSA(c) in terms of
Λ
T
for two different values of φM . Since a sizeable non-
conformality emerges in the field theory for larger val-
ues of φM , ∆S is substantially smaller for φM = 1 and
large enough values of ΛT . When
Λ
T is small enough,
the field theory is almost conformal for both cases and
therefore ∆S’s, for φM = 1 and φM = 100, are equal.
This figure also indicates that ( ΛT )
φM=1∗ > ( ΛT )
φM=100∗ .
Since in our calculation Λ is fixed, one can conclude that
TφM=1∗ < T
φM=100∗ . In other words, for φM = 100, the
effect of non-conformality appears at higher temperature
which is reasonable.
5Another point we would like to make here is the re-
lation between time orderings presented in [6] and our
observation of changing sign of ∆S. At high tempera-
tures it is shown that tiso < teq and in the same limit
we see ∆S < 0. In the opposite limit, the situation is
reversed, i.e. tiso > teq and ∆S > 0. Based on these
observations, one may speculate that there is a connec-
tion between time ordering and the sign of ∆S. This
idea needs further investigation which we postpone to a
future work.
As a final point, it is instructive to investigate the pos-
sibility of a transition due to energy scale Λ. In order to
do so, we have to consider two types of surfaces: con-
nected and piecewise smooth. The connected surface
has been already obtained in (20) for an arbitrary back-
ground (14). The second surface is defined as
x = − l
2
, φ = φH , x =
l
2
, (22)
and then, using (15), it is easy to find
SˆA =
V2
4G5
(
2
∫ φH
0
dφf3(φ)
√
f2(φ) + l
√
f33 (φH)
)
.
(23)
Now let us consider the following expression
∆¯S = SA − SˆA. (24)
Computing difference in entanglement entropies in con-
fining theories with gravity duals reveals a deconfinement
transition [11]. An extension of above idea to the ther-
mal backgrounds shows that entanglement entropy does
not exhibit a phase transition (expect for geometry of
the near horizon limit of D6-branes) [12]. In our case,
transition does not take place at finite temperature as
well as zero temperature. In other words, ∆¯S is always
negative, i.e. SA < SˆA, and as a result the connected
surface is favourable at all times.
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